We study complementarity in a two-terminal closed-loop Aharonov-Bohm interferometer with a quantum dot embedded in an arm of the ring and a nearby charge detector capacitively coupled to the quantum dot. We show that perfect charge detection does not give full information of the electronic path, so it does not completely suppress the interference. We propose that this property can be verified even in the limit of weak charge detection by investigating the dephasing of the first and the second harmonics of the Aharonov-Bohm oscillation. The first harmonic of the AB oscillation is reduced monotonically as a function of the charge detection strength. In contrast, the second harmonic interference remains unaffected due to the fact that charge detection is not able to detect the electronic path responsible for the second harmonic. Our theory confirms that the particle-like behavior of an electron emerges from the path information itself rather than from the disturbance.
I. INTRODUCTION
Complementarity in quantum theory is nicely illustrated in a two-path interferometer with a detector that monitors a particle's path. In a which-path interferometer with two possible paths, observation of the interference pattern and obtaining path information cannot be made simultaneously [1] [2] [3] . A which-path interferometer was demonstrated by using a pair of correlated photons [4] , where the path information of a photon was carried by its entangled twin. The phase coherence of electron transport through a quantum dot (QD) was displayed by the oscillation of the current in an Aharonov-Bohm (AB) interferometer as a function of the magnetic flux [5, 6 ]. An Electronic which-path interferometer has been realized by using an AB interferometer containing a quantum dot (QD) with a nearby quantum point contact (QPC) [7] [8] [9] that is able to detect the charge state of the QD. The which-path detection is made via the QD-charge de- * E-mail: kckang@chonnam.ac.kr pendence of the current through the QPC. This results in dephasing of the charge state of the QD and suppression of the AB oscillation. The suppression strength is controlled via the voltage across the QPC. Different setups for controlled dephasing experiment were also demonstrated by using QD-QPC hybrid structures [10, 11] . The open-type geometry studied in Refs. 6 and 7 can be regarded as a two-path interferometer because of a low probability of back reflection of an electron to its source electrode. In contrast, the closed-loop geometry with two terminals in Ref. 5 is different from the typical twopath interferometer because of the possible multiple reflections at junctions of the conductor [12] .
In this paper, we study the dephasing in a closed-loop AB interferometer due to a charge state measurement and try to clarify the nature of the 'dephasing induced by detection'. Our results show that perfect charge detection does not completely suppress the interference. In real experiments, it is difficult to realize perfect charge detection in mesoscopic conductors. We propose that our theoretical prediction can be verified even in the limit Figure 1 shows a schematic diagram of the model system under consideration. A QD is embedded in one arm of a closed-loop AB interferometer with two terminals and is capacitively coupled to a mesoscopic detector. In principle, there are an infinite number of possible trajectories with multiple reflections in this interferometer [13] . In a conventional viewpoint, one assumes that an electron passing through the QD loses its phase coherence upon charge detection. That is, one might expect the strong Coulomb interaction between the two subsystems to give phase randomization of electron transmission through the QD that washes out the AB oscillation. However, it should be noted that there exist indistinguishable paths for an electron passing through the QD, in spite of perfect charge detection (see Figure 2) . For those paths drawn in Figure 2 (a) and Figure 2 (b), a charge detection cannot give any information about the path taken by the electron. In the following, we show that, because of the reason explained above, the interference in the closed-loop interferometer does not vanish, not even in the limit of perfect charge detection.
II. CLOSED-LOOP AHARONOV-BOHM INTERFEROMETER UNDER CHARGE MEASUREMENT
A closed-loop AB interferometer which has a QD in one of its arms is modeled by using the Hamiltonian H AB = H 0 + H T , where In the absence of charge detection, we write the retarded Green's function of the closed-loop AB interferometer,Ḡ, by using a perturbation expansion on the hopping part of the Hamiltonian (H T ):
whereḠ
Ḡ can be evaluated exactly in the absence of interactions. Nevertheless, the above expansion is crucial for systematic inclusion of the effect of charge detection.
Let us consider the injection of two electrons, one from lead L of the interferometer and the other from lead X of the detector (See Figure 1) . Also, our treatment is restricted to the off-resonance limit of the QD, where we can neglect higher order terms (than |V | 2 ) in the expansion. The transmission probability through the QD is very small in the off-resonance limit. Thus, upon a scattering of two electrons, we can write the two-particle state as
where |φ 0 AB denotes all possible paths that do not reach the QD. The state |φ 1 AB includes all processes that includes the leading (second) order tunneling through the QD. Higher order tunneling processes are neglected in our scheme. Note that |φ 0 AB and |φ 1 AB include multiple reflections at the contacts between the leads and the interferometer (See Figure 3) . The corresponding detector states, |χ 0 P C and |χ 1 P C , are given by
wherer i andt i are the i-dependent reflection and transmission amplitudes, respectively. |X and |Y are states of the electron at lead X and Y , respectively. The transmission amplitudes for the states |φ 0 AB and |φ 1 AB are just the scalar products between the state |R (denoting the electron at lead R) and the corresponding electronic states: t 0 = R|φ 0 AB and t 1 = R|φ 1 AB . By using the relation between Green's function and the transmission amplitude [14, 15] , we find that
where v is the Fermi velocity. In our case, the Green's function, G i , (and the transmission coefficient t i ) which correspond to the state |φ i AB is calculated from the expansion ofḠ in Eq. (2). Diagrams for the infinite series of this perturbation expansion are displayed in Figure 3 . In terms of this expansion, we get
where x = πρ|W |, with ρ being the density of states at the Fermi energy. The amplitude t 1 has four different contributions, namely, t 1 = t
and Γ = πρ|V | 2 /(1 + x 2 ) is the effective resonance width of the QD level. The sum of these four amplitudes yields
For the entangled two-particle state |ψ of Eq. (3), the probability to find an electron at lead R at zero temperature can be evaluated through the equation
whereÎ P C is the identity operator that acts only on the QPC detector. It gives
where the parameter λ represents the indistinguishability between the two charge states, |φ 0 AB and |φ 1 AB , given by
It should be noted that Eq. (7) is very general and is independent of the type of the detector. The third term in T AB of Eq. (7a) corresponds to the interference between the paths represented by t 0 and t 1 . This term is proportional to |λ| as a result of charge detection. In the limit of perfect detection, the two detector states |χ 0 P C and |χ 1 P C are orthogonal to each other (λ = 0) and the third term of Eq. (7a) vanishes. However, it is important to note that the second term |t 1 | 2 of Eq. (7a) also has a phase dependence, which implies that the interferometer shows an AB oscillation even in the limit of perfect charge detection. This phase coherence is a result of the indistinguishability among the possible paths t 1 in the diagrams of Figure 3 . The AB oscillations of the transmission probability for several values of |λ| are shown in Figure 4(a) . In general, the amplitude of the AB oscillation is reduced as λ decreases. However, the oscillation is not entirely suppressed, not even in the limit of perfect charge detection (λ = 0), in contrast to that of a 'double-slit' type interferometer. It confirms the above argument that some paths of an electron are still indistinguishable by charge detection in a closed-loop interferometer.
In real experiments, it is technically very difficult to realize perfect charge detection in mesoscopic conductors. Normally, an extra charge in a qubit is detected through partial sensitivity of a nearby mesoscopic conductor [7, 16] . Further, even though one could reach the perfect detection limit, it is another task to confirm our prediction that the AB oscillation of T AB in the closed-loop survives in that limit. In the following, we discuss an easier way to get around this issue by analyzing the first and the second harmonics of the interference, where the perfect detection limit is not necessary. Figure 5 shows the trajectories that give the first and the second harmonic interferences within our scheme of Eqs. (5)−(7). For the case of the first harmonic interference, the charge detection distinguishes the two paths drawn in Figure 5 (a) . However, the two paths in Figure 5 (b) , which are responsible for the second harmonic interference, are not distinguishable under charge detection because both the paths pass through the quantum dot once. This intriguing property is displayed in the λ-dependence of the Fourier-transformed amplitudes (Figure 4(b) ): The first harmonic amplitude decreases monotonically as a function of λ. On the other hand, the second harmonic amplitude remains constant despite charge detection. Recently, this property has been reported experimentally [17] .
III. DISCUSSION
It has been widely accepted that the disappearance of interference in a two-path interferometer under path detection could be explained in terms of the inevitable momentum kick enforced by the detection process [2] . With our setup, one might assume a picture that the local Coulomb interaction between the electrons in the QD and in the detector disturbs the motion of an electron in the QD and results in a randomization of the electron's phase that washes out the interference. According to this picture, however, any electron in the closed-loop interferometer would loose its phase coherence whenever it passes through the QD and the AB oscillation of the closed-loop interferometer would vanish in the strong detection limit. Then, the closed-loop interferometer would not show any essential difference from the double-slit interferometer, in spite of the nontrivial electronic paths. Our results (Eq. (7) and Figure 4 ) clearly indicate that this is not the case.
IV. CONCLUSION
In conclusion, we have investigated how to study complementarity in a mesoscopic Aharonov-Bohm interferometer with a closed-loop geometry. While the conventional picture of 'two-path' interference is not valid, the closed-loop interferometer provides new insight into understanding the nature of the which-path detection and dephasing. We have found that charge detection reduces, but does not completely suppress, the interference, not even in the limit of perfect detection, which originates from the fact that charge detection does not extract full information on the electron's path. We have discussed how this property can be tested in a weak detection limit by investigating the Fourier-transformed amplitudes of the first and the second harmonic interferences. The first harmonic amplitude is reduced as a function of the charge detection strength, but the second harmonics remains unaffected in the limit of small transmission probability through the quantum dot. Our study confirms that the information itself is more fundamental in understanding quantum-mechanical complementarity.
